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In sparse information theory, a central goal is to get the sparsest solutions of underdetermined linear systems including visual coding \[[@CR1]\], matrix completion \[[@CR2]\], source localization \[[@CR3]\], and face recognition \[[@CR4]\]. All these problems are popularly modeled by the following $\documentclass[12pt]{minimal}
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                \begin{document}$l_{p}$\end{document}$-minimization, we need certain conditions on *A* and/or *b*, for example, the novel restricted isometry property (RIP) of *A*. A matrix *A* is said to have restricted isometry property of order *k* with restricted isometry constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta_{k} \in(0,1)$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\delta_{k}$\end{document}$ is the smallest constant such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (1-\delta_{k})\|x\|_{2}^{2} \leq \|Ax \|_{2}^{2} \leq(1+\delta _{k})\|x \|_{2}^{2} $$\end{document}$$ for all *k*-sparse vectors *x*, where a vector *x* is said to be *k*-sparse if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|x\|_{0}\leq k$\end{document}$.

There exist a lot of sufficient conditions for the exact recovery by $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
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In the literature, the null space property usually means the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{1}$\end{document}$-null space property. We now indicate the relation between the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{p}$\end{document}$-null space property and exact recovery via $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{p}$\end{document}$-minimization with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq p\leq1$\end{document}$.

Theorem 1 {#FPar2}
---------
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Definition 2 {#FPar3}
------------
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Corollary 1 {#FPar4}
-----------
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Proof {#FPar5}
-----

The proof is very easy, and we leave it to the readers. □

Corollary 2 {#FPar6}
-----------
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-----
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Remark 1 {#FPar8}
--------
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Remark 2 {#FPar9}
--------
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Theorem 2 {#FPar10}
---------

(\[[@CR7]\])
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Proof {#FPar12}
-----

*Necessity.* The proof is divided into two steps.

*Step 1*: Proof of the existence of *u*.
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Main contribution {#Sec3}
=================

In this section, we focus ourselves on the proposed problem. By introducing a new technique and utilizing preparations provided in Section [2](#Sec2){ref-type="sec"}, we will present an analytic expression of $\documentclass[12pt]{minimal}
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Lemma 2 {#FPar13}
-------

*For any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\mathbb{R}^{n}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p \leq1$\end{document}$, *we have that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \|x\|_{p} \leq\|x\|_{0}^{\frac{1}{p}-\frac{1}{2}}\|x \|_{2}. $$\end{document}$$

Proof {#FPar14}
-----

This result can be easily proved by Hölder's inequality. □

Lemma 3 {#FPar15}
-------

*Given a matrix* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A \in\mathbb{R}^{m \times n}$\end{document}$, *if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\|x\|_{2} \leq\| Ax\|_{2} \leq w\|x\|_{2}$\end{document}$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|x\|_{0} \leq2k$\end{document}$, *then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\big|\langle Ax_{1},Ax_{2}\rangle\big| \leq \frac{w^{2}-u^{2}}{2}\|x_{1}\| _{2}\|x_{2} \|_{2} $$\end{document}$$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{1}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{2}$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|x_{i}\|_{0} \leq k$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,2$\end{document}$), *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{support} (x_{1}) \cap \operatorname{support} (x_{2})= \varnothing$\end{document}$.

Proof {#FPar16}
-----
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With the above lemmas in hand, we now can prove our main theorems.

Theorem 3 {#FPar17}
---------
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Furthermore, in both cases, the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{1}$\end{document}$ can be divided in two parts: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{gathered} \Omega_{1}^{(1)}=\{\text{indices of the $k$ largest absolute-value components of $\Omega_{1}$} \}, \\ \Omega_{1}^{(2)}=\{\text{indices of the rest components of $\Omega_{1}$} \}.\end{gathered}$$\end{document}$$

It is obvious that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{1}=\Omega_{1}^{(1)} \cup\Omega_{1}^{(2)}$\end{document}$ and the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{1}^{(2)}$\end{document}$ is not empty since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|x\|_{0}\geq2k+1$\end{document}$.

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\|\tilde{x}\|_{2} \leq\|A\tilde{x}\|_{2} \leq w\|\tilde{x}\|_{2}$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|\tilde{x}\|_{0} \leq2k$\end{document}$, we have that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \|x_{\Omega_{0}}\|_{2}^{2}+ \|x_{\Omega_{1}}\|_{2}^{2}&=\| x_{\Omega_{0}} \|_{2}^{2}+\|x_{\Omega_{1}^{(1)}}\|_{2}^{2}+ \|x_{\Omega_{1}^{(2)}}\| _{2}^{2} \\ &=\|x_{\Omega_{0}}+x_{\Omega_{1}^{(1)}}\|_{2}^{2}+ \|x_{\Omega _{1}^{(2)}}\|_{2}^{2} \\ &\leq \frac{1}{u^{2}}\|A(x_{\Omega_{0}}+x_{\Omega _{1}^{(1)}}) \|_{2}^{2}+\big\| x_{\Omega_{1}^{(2)}}\big\| _{2}^{2}.\end{aligned} $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=x_{\Omega_{0}}+x_{\Omega_{1}^{(1)}}+x_{\Omega _{1}^{(2)}}+x_{\Omega_{2}}+\cdots+x_{\Omega_{t}} \in \operatorname{Ker}(A)\setminus\{\mathbf{0}\}$\end{document}$, we have that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b]\big\| A(x_{\Omega_{0}}+x_{\Omega_{1}^{(1)}})\big\| _{2}^{2}={}& \bigl\langle A(-x_{\Omega_{0}}-x_{\Omega_{1}^{(1)}},A(x_{\Omega_{1}^{(2)}}+x_{\Omega _{2}}+ \cdots+x_{\Omega_{t}})\bigr\rangle \\ ={}&\bigl\langle A(-x_{\Omega_{0}}-x_{\Omega_{1}^{(1)}}),Ax_{\Omega _{1}^{(2)}} \bigr\rangle \\ & +\sum_{i=2}^{t}\bigl(\bigl\langle A(-x_{\Omega_{0}}),Ax_{\Omega _{i}}\bigr\rangle +\bigl\langle A(-x_{\Omega_{1}^{(1)}}),Ax_{\Omega_{i}}\bigr\rangle \bigr).\end{aligned} $$\end{document}$$ According to Lemma [3](#FPar15){ref-type="sec"}, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i\in\{2,3,\ldots, t\}$\end{document}$, we get that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{gathered} \bigl\langle A(-x_{\Omega_{0}}),Ax_{\Omega_{i}} \bigr\rangle \leq\frac {w^{2}-u^{2}}{2}\|x_{\Omega_{0}}\|_{2} \|x_{\Omega_{i}}\|_{2}, \\ \bigl\langle A(-x_{\Omega_{1}^{(1)}}),Ax_{\Omega_{i}}\bigr\rangle \leq \frac {w^{2}-u^{2}}{2}\|x_{\Omega_{1}^{(1)}}\|_{2}\|x_{\Omega_{i}} \|_{2}. \end{gathered} $$\end{document}$$
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Theorem [3](#FPar17){ref-type="sec"} presents a result that is very similar to the result in Theorem [1](#FPar2){ref-type="sec"}. However, it is worth pointing out that the constant $\documentclass[12pt]{minimal}
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Theorem 4 {#FPar19}
---------
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Proof {#FPar20}
-----

Recalling ([15](#Equ15){ref-type=""}), we can get the equivalence between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{0}$\end{document}$-minimization and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{p}$\end{document}$-minimization as long as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h^{\ast }(p,A,k)^{\frac{1}{p}}<1$\end{document}$. However, *k* cannot be calculated directly, and we need to estimate *k* and change the inequality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h^{\ast }(p,A,k)^{\frac{1}{p}}<1$\end{document}$ into a computable one through inequality technique.
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However, in this paper, we only consider the situation where $\documentclass[12pt]{minimal}
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